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1 Introduction 



In this paper, we discuss irreducibility of the energy representation of the gauge group. The 
gauge group is the set of all C°°-mappings with compact support from a Riemannian manifold 
M to a semi-simple compact Lie group G. Then the energy representation of the gauge group is 
studied in [2J, [3], [5], and |S]. The first definition of the energy representation appears in ^5] 
and I. Gelfand et al. proved irreducibility in case of simple compact Lie group G and dim M > 2 
in jSj. (Unfortunately, the proof of irreducibility in [3] has a gap. However they succeeded in 
proving irreducibility for the case dimM > 4 in 6 J.) R. Ismagilov [E] showed irreducibility of 
the energy representation for the case dimM > 5 and G = SU(2). S. Albeverio et al.,in [2j, 
proved for the case dimM > 3 and obtained the partial solution for the same question for the 
case dimM = 2. In case of dimM = 1, S. Albeverio et al., in [2] and [SJ, showed reducibility 
for the energy representation of a Sobolev-Lie group H(H,G) and of a subgroup of H(S 1 ,G) 
consisting of all based loops. In section 4 of this paper, we shall obtain irreducibility of the 
energy representation of C°°(M, G) for any dimension of M when M is compact. 

We present a brief sketch of our idea for proof of irreducibility. In order to prove irreducibility 
for the case dimM > 2, all authors of previous works used results of a Gaussian measure n on 
the real vector space E* of distributions. On the other hand, in order to analyze operators on 
L 2 (E*,fi), we can use the theory of the spaces (E) and (E)* , and of operators from (E) to (E)*, 
called the white noise calculus. Here (E) is a space of test functionals and (E)* is a space of 
generalized functionals. The white noise calculus is introduced by T. Hida in 1975, and led us 
to important consequences concerning to an analysis of the Boson system. (See |12j.) In the 
white noise calculus, a continuous linear operators from (E) to (E)* is realized as a series of 
operators E/ im (Av/ im ), l,m € Z>o such that 



where d* is a creation operator, dt is an annihilation operator, and n^ m is a kernel distribution. 
^i,m(ni,m) is called an integral kernel operator with a kernel distribution K^ m and this realization 
is called Fock expansion for a continuous linear operator from (E) to (E)* . 

The merit of using the Fock expansion is that we can determine the commutant by direct 
algebraic computation, that is, the problem of irreducibility becomes easy comparatively. It 
is not exaggeration to say like this since we have the following reason. We know that one 
possible way to determine the commutant is to apply Tomita-Takesaki modular theory of the 
von Neumann algebras. However, the existence of the cyclic and separating vector for von 
Neumann algebra generated by the energy representation is not obvious. In fact, in |2] and [HJ, 
S. Albeverio et al. succeeded in proving reducibility for the energy representation of a subgroup 
of {{(S 1 ^) only in the cyclic component with respect to the vacuum vector. However, they 
failed to show that vacuum vector is cyclic. 

We should remark the relation between our result and the result of previous works [2] and 
[3J. Albeverio et al. [2] considered the energy representation of the Sobolev-Lie group H(S , G). 
They showed that the cyclic component of the vacuum of the energy representation of H{S , G) 
is unitary equivalent to 




. . . , t m )d* Sl . . . d* Sl d tl . . . d tm dsi . . . dsidti . . . dt 



in 
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and showed reducibility of U R . Here H(S 1 , G) is the completion of all smooth loops 4> satisfying 
0(0) = (fi(2ir) = e. On the other hand, our result is related with the group C°°(S l ,G), where 
4> G C°°(S 1 ,G) needs not satisfy the condition (f>(0) = 4>(2tt) = e. Therefore, our result on 
irreducibility is not in conflict with reducibility obtained in |2j and The difference of two 
above-mentioned results on irreducibility is also seen in the work of V. Jones and A. Wassermann. 
It is well-known fact that the level I projective unitary representation is® 1 of C°°(S 1 ,G) is 
irreducible. However A. Wassermann proved that the von Neumann algebra 

7T®*({<£ G C°°(S\G) | 4>(d) = e for all 9 G [vr,2vr]})" 

is type IIIi factor (Theorem A of [T5]). 

Now we present the organization of this paper. In section 2, we briefly sketch the white noise 
calculus and prepare for our analysis of the energy representation. In section 3, we define the 
gauge group and its energy representation. In section 4, the main theorem 14. II is mentioned and 
proved. 

2 Survey of the white noise calculus 

In this section, we introduce the white noise calculus. The details of this section are in |12j . 

Definition 2.1. Let H be a complex Hilbert space with an inner product (-,-) - Let A be a 
self-adjoint operator defined on a dense domain D(A). Let {Aj}j € N be eigenvalues of A and 
{ e j}jeN be normalized eigenvectors for {A.,}., g N> i-e., Aej = Xjej and | | o = 1 for all j G N. 
Moreover, we also assume the following two conditions: 

(i) {e^eN is a C.O.N.S. of H, 

(ii) Multiplicity of {Aj}j g N is finite and 1 < Ai < A2 <...—> 00. 
Then we have the following properties. 

(1) For p G Z>o and x, y G D(A P ), let (x, y) p := (A p x, A p y) . Then (•, •) is an inner product 
on D(A P ). Moreover, D(A P ) is complete with respect to the norm | • \ p , that is, the pair 
E p := (D(A p ), -) p ) is a Hilbert space. 

(2) For p > 0, let j P , P +i '■ E p+ \ — * E p be the inclusion map. Then every inclusion map is 
continuous and has a dense image. For q > p > 0, let 

jp,q ■= jp,p+l • • • 3q-l,q '■ E q ~* E p- 

Then {E p ,j Ptq } is a reduced projective system. 

(3) A countable Hilbert space 

E := limEp = H E p 

p>0 

constructed from the pair (H , A) is a reflexive Frechet space. We call E CH-space simply. 

(4) From (3), we have E* = \\n\E* as a topological vector space, i.e. the strong topology on 
E* and the inductive topology on \\m.E* coincide. 
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(5) Let p G Z>o and (x,y)_ p := (^4 p x, A p y) - Then (-, ■) is an inner product on H. 

(6) For p > 0, let E- v be the completion of H with respect to the norm | • |_ p . Then we can 
consider the inclusion map i_( p+1 ) ; _ p : E- p — > £'_( p+1 ), and for g > p > let 

*-g,-p : = *-g,-g+l ■ ■ ■ *-(p+l) ,-p : ^-p -> E -q- 

Then {-E_ p , i_ 9) _ p } is an inductive system. Moreover, E__ p and E* are anti-linear isomor- 
phic and isometric. Thus, from (4), we have 

E* = lim£_ p = |J E„ p . 

p>0 

Furthermore, we require for the operator A that there exists a > such that A~ a is a 
Hilbert-Schmidt class operator, namely 

oo 

<5 2 :=^AT 2a <oo. (2.1) 
i=i 

From this condition, E (resp. E*) is a nuclear space. Thus we can define the 7r-tensor topology 
E ®„- E (resp. E 1 * (g^ £"*) of E (resp. £"*). If there is no danger of confusion, we will use the 
notation E <g> E (resp. E* <g) E*) simply. 

We denote the canonical bilinear form on E* x E by (•,-). We have the following natural 
relation between the canonical bilinear form on E* x E and the inner product on H : 

if, 9) = <7,ff) 

for all / G H and g G E. 

Definition 2.2. Let X be a Hilbert space, or a CH-space. 

(1) Let gi, ... , g n E X. We define the symmetrization s„(<7i <8> . . .®g n ) of #i <8> . . . <8> g n G X®™ 
as follows. 

s n (gi (g> . . . <g> #„) := 01® • • • ®9n '■= ~] 9a{l) <8> • • • ® 9 a (n), 

' cre6„ 

where & n is the set of all permutations of {1,2,..., n}. 

(2) If / G X® n satisfies s n (f) = /, then we call / symmetric. We denote the set of all 
symmetric elements of X® n by X® n and we call X® n the n-th symmetric tensor of X. 
Then s n is a projection from X® n to X® 11 . 

(3) For F G (X®™)* and a G 6 n , let F a be an element of (X®™)* satisfying 

(-F CT ,5i . . . ®g n ) := (F,g a -i {1) <g) . . . ® g a -i( n )) , gi € X. 
Then we define the symmetrization s n (F) as follows. 

s n (F) := 1 J] 
ff£6„ 
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(4) If F G (X® n )* satisfies s n (F) = F, we call F symmetric. We denote the set of all 
symmetric elements of (X® n )* by (X® n )* ym . 

From the above discussion, we obtain a Gelfand triple : 

E C H C E*. 

Next, we define the Fock space and the second quantization of a linear operator. 
Definition 2.3. Let H be a Hilbert space and A be a linear operator on H. 

(1) Let 

f oo oo ~| 

T h (H) := £/„|/„G H® n , n\ \f n \ 2 < +oo I , 

ln=0 n=0 J 

(( Yj^Yj 9n )) := n! (/™'9n>0- 
\\n=0 n=0 //o neZ> 

Then we call r b (ii) the Boson Fock space. The Boson Fock space r b (ii) is a Hilbert space 
with respect to the inner product ((•, -)) . 

rn 



(2) Let "id" be the identity operator on H and id m := id <g> . . . <g> id. Let 

oo 

r b (,4) :=J2A m , 

n=0 

n 

aT b (yl) (n) := V" idj_i ®A® id n _,-, and 

oo 

dr b (A) : =^dr b (A)W. 



71=0 



Then we call r b (^4) the second quantization of A and aT b (^4) the differential second quan- 
tization of A. 

Definition 2.4. Let H be a complex Hilbert space and A be a self-adjoint operator on if 
satisfying the conditions (i) and (ii) in definition 12. II and (1 2.1|) . Then we can define a CH-space 
(E) constructed from (T^(H), T b (A)) and we obtain a Gelfand triple : 

(E) C T h (H) C (£)*. 

oo 

Corollary 2.5. Let := ^ f n G r b (tf), /„ G i/® n . T/ien G (£) if and only if f n G £ §n /or 

n=0 

a// n > 0. Moreover, it follows that 

U\\ p := ||r b (A)^|| Q < +oo 

for all p > 0. 



4 



We refer to a continuous linear operator on a locally convex space. 

Definition 2.6. Let X, Y be locally convex spaces. C(X, Y) is the set of all continuous linear 
operators from X to Y. 

Lemma 2.7. Let X (resp. Y) be a locally convex space with seminorms {| • \x,q}qeQ (resp. 
{| " \y,p}p£p)- Then a linear operator V : X — > Y is continuous, namely, V £ C(X,Y) if and 
only if for any p £ P, there exist q £ Q and C > such that 

\Vf\ Y>P <C\f\x !q , feX. 

In order to discuss an integral kernel operator, we define a contraction of tensor products. 

Definition 2.8. Let if be a complex Hilbert space and A be a self-adjoint operator on H 
satisfying the conditions (i) and (ii) in definition 12.11 and \ 2.1[) . Let 

e(i) := e ix <g> ... ® e it , i := (i\, . £ N . 

(1) For F G (E®V +m 1)*, let 

\F\l,m; P , q ■= E K F ' e W ® e (j)) I' I^Ofi 
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where i and j run over the whole of N and N m respectively. 

(2) For F £ (£®('+ m ))* and g G we define a contraction F ®i g £ (E m+n )* of F and 

g as follows. 

^ ®i g ■■= E ^E ^ e ^ ® e (*)> ^> e ( k ) e ( i )>) e ( j ) ® e ( k ) 

where i, j, and k run over the whole of N', N m , and N n respectively. 

We check well-definedness of the contraction. For any F £ (£ , ®('+ m ))* there exists p > 
such that |F|/ jm; _ P) _ p = \F\- P < +oo. We note that |e(i)|_ p |e(i)| p = 1 for all p > and 
|e(i)| p < |e(i)|p+ g for p £ Z and q > 0. Then we have 

\F®igt p 



\F® t g 12 



l,m;—p,—p 

2 



(F, e(j) ® e(i)> (g, e(k) ® e(i)) |e(i)|_„|e(i)| p 



':m2 i^i.m2 



- E (E I ^' e 0) ® e (i))! 2 K^I-p) (E I e ( k ) 



e(j)|l p |e(k)| 
®e(i')}| 2 |e(i')| 2 ) |e(j)| 2 _ p |e(k)| 2 _ ; 



j 

< \F\-p\g\p- 



Therefore we obtain F ®i g £ (#»('+"»))*. 
Now we define an integral kernel operator. 
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Definition 2.9 (Integral kernel operator). Let « E (£®( i+m ))*. For <j) := /„ G 

/„ E £ §n , let 

„ / w ._ (re + to)! 

^l,m\ K ) ( P ■ — / , | s Z+m ®m Jm+n) ■ 

t-^ TV. 

n=0 

Then Hj im (K) E C((E), (E)*). We call H; jm («;) an integral kernel operator with a kernel distri- 
bution K. 

As for integral kernel operators, see section 4.3 of |12| . Note that the following map 

{E ®(i+™)y 3 K l > S,, m («) E £((£), (£)*) 

is not injective. We define 

z!to! 

where k ct is defined in definition 12.21 (3), Put 

(E®( l +™% m{ljm) := {k E (E^ l +^)* I s l>m (K) = k } . 
Lemma 2.10. T/ie map 

is injective. Moreover, for k E (^ { ' +m) )* ym( ^ m) « E (^® (/ ' +m ' ) )s ym(/ / im / ) , if ^i, m {^) = 
Hj/ m '{ K ')> then 1 = 1', m = m! and si m {n) = si m {n'). 

Due to this lemma, the map 

oo oo 

(£®«+™) ):ymGjm) 9 { K/jm }- m=0 i > J2 3 »,m(««, m ) E £((£), (2.2) 

Z, m=0 Z,m=0 

is injective. 

Proposition 2.11 (Fock expansion). T/ie map (| 2.2jl zs surjective, i.e., for any S E C((E), (E)*), 
there exists an unique {«j,m}^=o> S (-E® ( * +m) )s y m(Z,m) suc/l 

oo 

= ^ S, im («,, m )0, E (£) (2.3) 

Z,m=0 

where the sum of the right hand side of (| 2.3jl converges in (E)* . 
IfZe £((E),(E)), then 

K^EE® 1 ®^®™)*^, l,m>0 
and the sum of the right hand side of (I 2.3|) converges in (E) . 

Proof. See section 4.4 and 4.5 of I 
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Proposition 2.12. For S; j7n (^ )m ) G £((E), (E)*) it follows that 

^l,m{^l,m) — ^-"m,l \tm,l \^l,m)j 

where the map t m) i is defined by 

(t m ,i( K i,m),V ® := (Ki, m , (®V), V£ E® m , C 6 E & . 

By the way, for H/ j7n (K) G £( (E), ( E)*) and 5;/ ;m /(A) G £((E), (E)), we have H; jm (K)H;/ jm '(A) G 
£((E), (E)*). From proposition 12. Ill we can infer that E; im (K)E;/ im '(A) is expressed as a sum of 
integral kernel operators. 

Definition 2.13. Let k G , A G <8 (£® m ')* and m A I' := min{m,/'}. For 

< k < m A I', we define S l m _ k l ^ k {n o k A) G (£®(W+™+™'-2fc)\ * ag folloW s. 



S l m - k l m , k (Ko k \);= ]T ^2(K,e(i)®e(j)®e(h)} 
ij>i'j' h 

x (A, e(h) ® e(i') (8) e(j')) e(i) (8) e(i') (8 e(j) (8) e(j'), 

where i, j, i', j', and h runs over the whole of N l , N m " fc , N i '" fc , N m ', and N k respectively. 

We check well-definedness of S l m _ k l m J k (K o k A). Now there exists p > such that \k\^ p = 
\ K \i,m-.-p.~p < +oo. Note that for any p' > there exists q' = q'{V ,m';p') > such that 
\Ml',m';p',-(p'+q') < °°- Let p' := p and q := q' (I' , m' ; p) . Then 

Pm-fcm' y K k A )\i + i>^ k:m+m /_ k ._ p -(p+q) 



£ ^|(K,e(i)®e(j)®e(h))| 2 |e(h)|; 



X 
h 



£ |<«, e(h') e(i') 81 e(j')}| 2 |e(h')£ |e(i) 8 e(i')|_ p |e(j) ® e(j' ;| _ (/ , + , ;) 



Since inf Spec(-A) > 1, we have 

\e(j)\_ (p+q) = |e(j)|_ p |e(j)|_ ? < |e(j)|_ p 
and |e(i')| < |e(i')| . This implies that 

SL-ki- k (K°k ^)\ l+l ,_ Km+m ,_ k .^_ {p+q) < \K\-p\\\v,mi^ { p +q) < +00. 

Proposition 2.14. For S Z m («;) G £((E),(E)*) and S z / m /(A) G C((E),(E)), it follows that 



fc=0 ^ / V / 



The formal part of the proof of this proposition is the same as proposition 7.3 of ^01- From 
definition 12.131 the analytic part of the proof of this proposition is obvious. 
Finally, we define an useful tool for an analysis of a Fock space. 
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Definition 2.15. For / € H, 

oo ^ 

exp(/) :=J2^f m eT h (H) 

n=0 

is called an exponential vector or a coherent vector. 

The following lemmas are well-known facts. 

Lemma 2.16. {exp(/) | / G H} generates T^(H). Moreover, {exp(/) | / G E} spans a dense 
subspace of (E) . 

3 The gauge group and its representation 

Let G be a Lie group and g be the Lie algebra of G and g c be the complexification of 0. Let 
"Ad" be the adjoint representation of G. For the complexification of "Ad", we use the same 
notation. 

Now let G be a semi-simple compact Lie group. Then the Killing form K on g is negative- 
definite. Thus (— K) is an inner product on g and hence we can define an inner product (•, -) s 
of g c via the polarization identity. The representation (g c , Ad) of G is a unitary representation 
with respect to the inner product (-, -) . 

For X,Y eg, let 

ad(A)y := [X, Y] 

where [X, Y] be the Lie bracket of 0. Then ad(A) is a representation of the Lie algebra on 
the vector space 0. The following lemma is a well-known fact about the Lie algebra and its 
Killing form. 

Lemma 3.1. Let g be a Lie algebra, and K be the Killing form on g. Then 

K(X,ad(Z)Y) = -K(ad(Z)X,Y) 

for all X,Y,Ze g. Moreover, for X, Y, Z G C ; we have 

(X,ad(Z)y) = (-ad(Z)A,Y) 

where 

Zi + ^\Z 2 := Z l - V^1Z 2 . 

forZ x , Z 2 £ 0. 

We shall use this lemma in the following section. 

Next, we define the gauge group and its representation. Let M be a Riemannian manifold 
without boundary and (-, -) x be a inner product on T*M determined by the Riemannian structure 
of M. 

Let C£°(M,G) be the set of all C°°-mappings ip : M — ► G with compact support. We call 
C C °°(M,G) the gauge group. Let C c °°(M,0) be the set of all C°°-mappings ^ : M -> with 
compact support. This is the "Lie algebra" of C^°(M, G). 

Let il 1 (M) be the space of real- valued 1-forms on M with compact support and Q}{M, g) := 
Q}{M) (g) C . We can define a natural inner product on Q}(M, g) as follows. First, let 

(<j x ®X,u' x ®X') x := (u x ,u' x ) x (X,X') 
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for all oj x , uj' x G T*M and X, X' G g c . For each x G M, (•, is an inner product on T^M ® g c . 
Then 

(/.fflo- / (3.1) 

JM 

where dv is the volume measure on M, and where /, g G ^(M^g). This is an inner product 
on fi 1 (M, g). We denote the completion of 1 (M, g) with respect to the inner product (•, -) by 
H(M, 8 ). 
Let 

:= [id^Af Ad(V(x))]/(x), x G M 

for all ^ G C£°(M,G) and / G H(M,q). Then V(^) is a unitary operator on the Hilbert space 
H(M,q). We call V the adjoint representation of gauge group C£°(M,G). 

For -0 G C£°(M,G), we define the right logarithmic derivative /3(V0 G ri 1 (M, g) as follows. 

:= (dij,)^)- 1 . 

(3(ip) satisfies 

py>-<P) = V(if>)P(<p) + l3U>), (3.2) 

where ip ■ <p is defined by the pointwise multiplication. The relation (1 M.2JI is called the Maurer- 
Cartan cocycle. 

Definition 3.2. Let U (ip) be an unitary representation on the on the Boson Fock space 
T h (H(M,g)) determined by 

exp(/) := exp (-^^A exp (- {/3ty), V (■</>) f) ) exp (Vty)f + PW) 

for / G H(M,q) and ip G C£°(M,G). We call t7 the energy representation of the gauge group 
C C °°(M, G). 

Now we construct a CH-space £ by using the Hilbert space H(M, g) and a self-adjoint 
operator on H(M,q). Let M be a compact Riemann manifold without boundary. Let A be 
the Bochner Laplacian on Q 1 (M) determined by the Levi-Civita connection on M and H(M) 
be the completion of Q (M). Then A + 2 is an essentially self-adjoint operator on J1 1 (M). 
(This is shown by considering the complexification of A + 2.) Let A be a closed extension of 
(4 + 2) ® id . Then there exists a C.O.N.S. {ej}j £ N of H(M) consisting of eigenvectors of the 
essentially self-adjoint operator A + 2 on 1 (M). For any C.O.N.S. {uj}^® of g c , 

{e(i, j) := &i ® ity | i G N, 1 < j < dimg} (3.3) 

is a C.O.N.S. of H(M,q). This C.O.N.S. of H(M,q) and the essentially self-adjoint operator 
A satisfy the condition (i) , and (ii) of definition 12.11 and (| 2.1(1 . (As for the general theory of 
Laplacian on a vector bundle, see chapter 1 of [Jj.) For the sake of the calculation in section^ 
we take a C.O.N.S. of g c as follows. 

Let A be a root system of g c and A' be a set of all positive roots of A. Let f) be a Cartan 
subalgebra of g and {Hi, . . . , i^dimf)} be a C.O.N.S. of f). Let X a , a G A be a normalized element 
of g c such that [H,X a ] = a(H)X a for all H G h. Then we have a C.O.N.S. 

{#!,..., ff dimf ,,X a ,X_ a | a G A'} (3.4) 
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of a complex vector space g c with respect to the inner product on g c . 
Thus we obtain the CH-space E constructed from (H(M, g), A). 

Next, we construct a CH-space (E) by using the Hilbert space F^H^M, g)) and a self-adjoint 
operator on F h (H(M,s)). We write a C.O.N.S. of H(M, g) Sn (n > 1) in terms of H(M,g). Put 
dimg = Nq, dimrj = Ni, and 



Let 



A' = {at, a N2 }, (N 2 := #A' = ^(iVo - Wi)). 

Hj, ifl<j<iVi, 

if iVi + l<i<iVi+A r 2, 
X_ Qj ^ (JVi+JV2) , if TV! + N 2 + 1 < j < Nt + 2N 2 = N 

Fix d G {1,2,... ,n}. Let 

JV(1) times N(2) times N(d) times 

i := (h, . . . ■ ■ ■ ,k, ■ ■ ■ Xi, ■ ■ ■ ,id) G N", 

JV(1) + JV(2) + . . . + N(d) =n, h <i 2 < ... <i d . 

For this i G N n , we define j G {1, 2, . . . , TVo = dimg} as follows. 

j = (j(h, 1), . . . ,j(h,N(l))J(i 2 , 1), . . . ,j(i2,N(2)),j(i d , 1), . . . J(i d ,N(d))) 

where j(i,k) G {1,2, . . . ,iVo} satisfies the following conditions: for each i G N if k\ < k 2 , then 
< j{i,k 2 ). 

Let A(n) be the subset of N n x {1, 2, ... , iVo}™ which consists of all (i, j). For (i, j) G A(n), 

let 

e(i,j) :=e(ii,i(ii, 1))§ . . . ®e(ti,i(ii, JV(1))) 

®e(i 2 , j(«2, 1))® • • • ®e(i 2 ,i(i 2 , JV(2))) 
• • • ®e(i d ,j(i d , l))g . . . ®e(i d ,j{i d ,N(d))), 

then {e(i, j) | (i, j) G A(n)} is a C.O.N.S. of #(M, g) §n , n > 1. This C.O.N.S. of of T h (H(M, g)) 
and the essentially self-adjoint operator Ty ) (A) satisfy the condition (i), and (ii) of definition l2.ll 
and fill . 

Therefore we obtain a CH-space (E) constructed from (Tb(H(M, g)), Tt,^)). 

In this paper, we discuss irreducibility of the energy representation U of C°°(M, G) with the 
help of the white noise calculus, however, it is difficult to deal with the energy representation U 
directly. Thus we treat not the representation of "Lie group" C°° (M, G) but the representation 
of "Lie algebra" C°°(M,g). 

We introduce a proposition for the differentiability of a operator V{ip) on the CH-space E. 

Proposition 3.3. Let ip t (x) := exp (tV(x)) for * G C°°(M,g) and t G R. Then {V(i/) t )} tE K is 
a regular one-parameter subgroup of GL(E), namely, for any p > there exists q > such that 



lim sup 

'^°/6E;|/| <1 



v^)f - f _ vm 



= 0, 

p 



where 

(V(*)f)(x) := [id T * M ® ad(*(x))]/(ar), x G M 

for all f £ E. 
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Proof. Note that there exists C(^f,p) > such that 

\\V(9)f\\ p <C(%p)\\f\\ p , fen\M, Q ) 

for each * G C°°(M,g) and p G N, i.e. V(¥) G C(E,E). (See proposition 2.5 of Q3].) Since 

(F(^)/)(x) = [id T * M <8> Ad(exp(t*(x)))]/(x) 
= [idr*M ® exp(tad(*(s)))]/(s) 



'x i 

id T » M ®E^( tad (^( X ))) 



fc=0 



/(*) 



\k=0 ' ) 



for each x G M, we have 



i A i 



t ^ k\ 

p k=2 



i A i 



fc=2 



^ * ( E H C (*^) fc ) II/IIp = *exp(C(*,p)) 
\fc=0 ' / 



for < i < 1. This implies that 



lim sup 

^°II/L<i 



V(^ t )f - f 



t 



0. 



This proposition plays a crucial role of our proof of the differentiability of the energy repre- 
sentation U(ipt), that is, 

Lemma 3.4. Let ipt(x) ■= exp(t*(x)) for ^ G C°°(M, g) and t G R. T/ien {?7(-i/>t)}t e R is a 
regular one-parameter subgroup of GL({E)) with infinitesimal generator dT^iV (^ r ))+D^— . 

Proof. Let /i be the Gaussian measure on the real vector space -Ej^ e of distributions. Then the 
Boson Fock space is identified with the space of complex valued L 2 -functions on E^ e with respect 
to p,. For 7] G E^ e , let 

(T„0)(x) := exp f-^Mo) - 27?), G L 2 (^ c , C; M ). 



Here 



oo 1 



n=0 



Then Tpu,\ satisfies U(ip) = T^^T^CV (iJj)) and Tm^a = T t d^ is a regular one-parameter sub- 
group of GL((E)) with infinitesimal generator — D^. (See section 5.7 of H2|.) Moreover, 
from proposition 5.4.5 of ^21 and proposition !;-}.;-?! T^(V(ipt)) is a regular one-parameter subgroup 
of GL({E)) with infinitesimal generator dT^CV^)). Thus U{ipt) is a regular one-parameter sub- 
group of GL((E)) with infinitesimal generator dT^^V^)) + — D^- I 
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Let 7r(¥) := dr h (V(^)) + D*y -D d9 . Then tt(^) G £((£),(£)) and 7r(¥) has the following 
expression : 

tt(*) = 3 1;1 ((id F(*))*r) + Si, (d*) - 3 ,i(d*), 
where r G (E ® E)* is defined by 

(T,f®g):=(f,g), f,geE. 

(See proposition 4.5.3 of To avoid notational complexity, we put A^i = (id® V(^))*t and 

A lj0 = A ,i = for * G C°°(M,0), namely 

tt(#) = Hi 5l (Ai,i) + Si >0 (Ai >0 ) - S 0j i(A ,i). 

Let 

5r(*):= -tt(*)*, #GC°°(M,0). 

Then 7r(*) G C((E)* , (E)*). Moreover, we can check that 7r(\I>)*| (#) = -7r(*) by using 
proposition 12.121 and lemma 1X71 In fact, since we have tii(Aii) = —An, it satisfies that 

Hi )1 (A ll i)*|(E) = -3i,i(Ai,0- 

4 Irreducibility of the energy representation 

We now give the main theorem of this paper. 

Theorem 4.1. Let M be a compact Riemannian manifold without boundary. Then the energy 
representation {U(iJj)\iJj G C°°(M,G)} is irreducible. 

Let 3 G C(T h (H(M,0)),T h (H(M,0))) satisfy 

U(exp(W))Z = EU(exp(t9f)) (4.1) 

for all * G C°°(M, g), t G R. Note that the restriction E\(E) of H to (E) is a continuous 
linear operator from (E) to (-E 1 )* and 7r(^)* is a continuous linear operator on (E)* . Then (| 4.1(1 
implies 

5r(#)3 = 3vr(^) (4.2) 

for all ^ G C°°(M, g) as a continuous linear operator from (E) to (-E 1 )*. Our main problem is 
to find 3 satisfying (j 4.2(1 . 



Lemma 4.2. Lei 



DC 



l — 1 ^ "Z,m(^/,r?i)' 
Z,m=0 

6e t/ie Focfc expansion for a continuous linear operator 3 /rom (E 1 ) to (£?)*. 7/3 satisfies (I 4.21) . 
i/ien re/ )m , Z,m > satisfy the following relations: 

s i,o [S 1 o(ki i ox Ai o) ) 

/ 1/ 1 o/ \ (43) 

= s^ U (Ai,i oj k/ j0 ) - (1 + l)S (A ,i oj «j+i )0 ) ) , 
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ao,m(- SgmC^O,! °1 

= S ,m ("2 $(/«o,m °1 Al,l) + (m + 1) o(K ,m+l °1 Ai )0 )) , 

Sl,m (m ?(f^ m Oi Ai,i) + (m + 1)5^ o(«J,m+l °i Ai,o)) 

= «Z, m (l So ^^Ai,! Oi Kl >m ) - (I + m (A ,l °i ^+1,™)) 

/or a// i, m > 1 anc? 



Proof. 



and 



^ Sj jm (/cj, m ) ) Si,o(Ai, 

l,m=0 

oo mAl 



; „,_n ! — n \ / \ / 



Z,m=0 fc=0 

^o,o( K o,i °1 Al,o 



+ S '>° (^o -1 o(««-i,o ° Ai, + o(«j,i °i Ai,o)) 

oo 

,m+l °1 Al,o)) 

m=l 

oo 

+ ^ 5 i,m (^m 1 o( K i-l,m ° A l,o) + (™ + 1)^ o( K !,m+l °1 A l,o)) 



Z,m=l 



5^ Sj, m (/cj, m ) ) E ,i(Ao,i) 

i l,m=0 



Y -l,m+l (SPl{Kl,m ° A ,l)) 
,m=0 

oo oo 

yZ S 0,m (<S^-1 i(/«0,m-l ° A ,l)) + ^ S ijm (S^^ "(ffym-l ° Ao,l)) 



(4.4) 



(4.5) 



-Ao,i °i «i,o = K o,i °i Ai, - (4.6) 



m=l l,m=l 
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and 



^ ^l,m(ni,rn) I ^l,l(Al,l) 



, Z,m=0 



°° mA1 (m\ fl\ ( \ 

fe! ( . ) ( j J S /+l-fc,m+l-fc l^X^.m °k Al,l)J 

00 

^ H , m (m5^_! i(«o, m °i 

m=l 

00 



i,m=l 



Thus, 



DC 



(4.7) 



,m=0 / 

= ^0,0(^0,1 °1 Ai 5 o) 

00 

+ ^ -z,o ("So 1 o( K z-i,o Ai,o) + So o( K U °i A^o) 

00 

°1 Al l) 
m=l 

+ (m + 1) o(«0,m+l °1 Ai, ) - S^-i i(tto,m-l A ,i)) 

00 

+ ^-^(^m-l l(^-l,m-l Al,l) +mSj n _ 1 5(K|,m °1 Ai,i) 

i,m=l 

+ S 1 ' 1 S(/ej_i, m o Ai )0 ) + (m + 1)5^ 8(kj ,m+l °1 Ai j0 ) - S l m _ l 1(Kl 

,m—l Ao,i) ) 

On the other hand, it follows that 

Sr(¥) ( jr H, im (K,, m ) =" E Si,m(«i,m)* I I (4-8) 

as a continuous linear operator from (E) to (E)* . When we consider 

Sm+m' —k,l+l' — k^rn+rri' — k,l+l'-k(S m -k m' ( K ° k A)) 

for all « G and A G E® 1 ' ® (V 3 " 1 ')*, the relations (fTTl) . fO|) . and proposition E3U 
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imply 



oo 

y,m=o 
= — So,o(Ao,i °i «i,o) 

oo 

+ X} S '> (^o o -1 (^i,i °i K '-o) +5'oo _1 (^i,o ° ki-i,q) - (J + l)<So 0(^0,1 °i K «+i,o)) 
i=l 

00 

+ ^ ^0,m( — SJl-i(Ao,l «0,m-l) ~~ ^Om(^0,l °1 «l,m)) 
00 

+ X/ ^.™(Sf m-l(Al,l ° K i-l,m-l) + i So m 1 (^l,l °1 
i,m=l 

m (^1,0 K l~l,rn ) - S x m _i(A ,l o K Zjm _i) - (Z + 1)S Q m (Ao,l °l Kj+i,™))- 
Therefore we have 

sz,o (Sq -1 o(«i-i,o ^1,0) + So o(«J,i °i Ai,o)) 

= $i,o (l So o -1 (Ai,i °i K i,o) + So cT 1 (^i,o K i-i,o) - (I + 1)^0 o(Ao,i °i «h-i,o)) , 
so,m(m ?(« 0) m °1 Ai,i) + (m + 1) [] (K ,m+1 °1 Ai j0 ) - S^_ x i(«o,m-l Ao,i)) 
= S0,m( — Slm-l(Ao,l «0,m-l) _ Sg m(Ao,l °1 ttl,m)l> 
o Ai,i) + m^_! 5(«J,m °1 
+ S„ 1 o(«I-l,m ^1,0) + (m + l)S l m o(«i, m +l °1 Ai,o) - -S^-i °(«i, m _i o A ,i)J 
(Ai 

+ So m (Al t «J-l,m) ~~ S x m _l(Ao,l O 

,1 °1 ^£+l,m J ) > 

and 

-Ao,l Ox Ki )0 = K ,l ©! Al j0 

for all l,m> 1. On the other hand, from A^o, Ao,i G -E 1 and the definition of Sg% , we have 
si,o (Sq 0" 1 (/«z-i,o Ai,o)J = sifi ^Sq" 1 o(Ai,o «i-i,o)J > 

S0,m I >-'l m—1 

(Ao,l O Ko, m _l) ) = s 0,m( S m _i i(Ko )m — 1 

°A ,i) , 

s /,m (Sq m 1 (Al,0 K i-l,m)) = S^,m (^m 1 o( re Z-l,m ° Al,o)J , 

(s? L-i(Ao,i ° Kl,m-i)) = si,m (s^-i i(«j,m-i ° Ao,i)) , and 

Sj,m (s{ mli(Al,l O Ki_i ]?n _i)^ = S/ jm fS^i J(K/_i )m _i o Ai,! M 

for all l,m > 1. Hence we obtain (I 4,3|) — (I 4,6|) . 
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Corollary 4.3. K^ m , I, m > 1 satisfy the following conditions: 

s i,o [So o _1 (Ai,i °i K z,o)) = °> 
so.m^m-i i( K o,m °i Ai,i)J = 0, and 

I s l,m ^<S() m °1 K i,m)^ = m s l,m 1 l( K /,m °i Ai i ) 

Proof. C°°(M, g) contains constant functions. Thus if ^(x) = Const. G g i.e., A^o = A( 
then we obtain fO|) - (| 4.11)1 . 

Now, for / > 0, m > 1, we have 

^m-l l( K l,m °1 Ai ; i) 

= E E e W ® e (j) ® e ( h )) ( e ( h )' y (^) e (j')> e(i) 8) e(j) ® e(j') 

UJ' h 

= E e W e (j) ^(^) e (j')> e(i) 8> e(j) 8) e(j') 

ijj' 

= (idi +m _! ® = (id i+m _i ® 7(*)*)Ki, m . 

In the same manner, it follows that 

So m^Ai.i o k IjTO ) = -(V(V) ® idi +m _i)*^, m = -(V(*)* ® id i+m _i)K ijm 

for i > 1, m > 0. 

On the other hand, we have 

s n (A ® id n _i)s n = s„(id ® A ® id„_ 2 )s n = . . . = s n (id n _i ® A)s n 
n 

for A G C(E*,E*) by direct computation. From (1 4. 12)1 . (1 4.3)1 — 1) 4.5)1 are equivalent to 
dr b (y(*)*)»«, i0 = SM /(Z + l)£ °o(Ao,i oi «/+i,o) + 4oKi Ai, ) 



-dr b (y(*r)( m ) KOim 

= S0,m((m+ l)5^o(«0,m+l °1 Al,o) +Som(Ao,l °1 «l,m)), and 



^r b (y ® id m + id, ® dr h (v(^r) {m) )^ m 

= Si >m ((l + 1)<Sq m(Ao,l °1 «i+l,m) + (m + l)<^m o(«i,m+l °1 Al,o)) 
respectively for all ^ G C°°(M, g). In particular, (| 4.9|) — () 4.11)1 become 

dr b (F(*)*)«^ = o, 
dr h (v(yy)^ Ko , m = o, 
{(dr b G^)*) w ® id m + id z ® dr b (F(vi/)*)( m )} ^ m = o. 

16 



Lemma 4.4. For !,m>0, I + m/ O, we have 

Ki, m = ^<«/, m ,e(i,j) <g> e(i',j'))e(i,j) ®e(i',j'), (4.19) 
where the sum is over all (i, j) S A(£) and (i', j') £ A(m) satisfying the condition: 

a P (H)(n p ,+ (j) - n p -(j) + n Pi+ (j') - n p _(j')) = 

l<p<Af 2 

for all H 6 f). i7ere 

np,+(j) := #{9 e{l,2,...,n}\ j q = N t + p}, 
n P ,-0) := #{g 6 {1, 2, . . . , n} | j, = iVi + N 2 + p}. 

forj = (j 1 ,...,j n ) £{l,2,...,N} n andl<p<N 2 . 

Proof. Since 

dT h (V(H)^)e(i,j) = £ « P (^)K, + (j)-n p ,_(j))e(i,j) 

l<p<N 2 

for He f), we have 

{dr h {v(H)*)W ®id m }Ki, m 

= E E E (^n,{d^ b (y(F))( ^ )®id m }{e(iJ)®e(i^jO})e(iJ)®e(i^j') 
(ij)eA(O (i' j')eA(m) l<p<Af 2 

= E E E a p(^)( n p,+ (j)- n p-(j))<^,m'e(iJ)« ) e(i / ,j / )}e(i,j)®e(i / ,j / ) 

(ij) (i' j')GA(m) l<p<Af 2 

(4.20) 

where (i,j) runs over the whole of A(Z) satisfying the conditions: there exists p such that 
n P,+ (j) 7^ n p,-(j)- I n the same manner, 

id^aT b (vw) (m) )^ m 

= E E E "p^c^+ao - <«i, TO ,sti,j) ^^j'))^^) ® ^ci', jo- (4,21) 

(ij)eA(O (i'J') l<p<Af 2 

where (i',j') runs over the whole of A(m) satisfying the conditions: there exists p such that 
n P)+ (j') ^ n p _(j'). Thus we obtain fOflll from fTTSll . I 

When the operator dTb(V (11^+^)*) , 1 < k < N 2 act ffy m , we need the following lemma. 

Lemma 4.5. 

v(x a y\E = -v(x. a ), 

that is, if 1 < k < N 2 , then 

V{u k+Nl )*\E = -V(u k+Nl+N2 ). 
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Proof. Let U a and V a , a G A' be elements denned by 

= ^ + ^ = g . - ^ 

77 4. ./ZTy ' a 77 _ a /ZTt/ v ' 

And let gR be a compact real form of g c and {)r be a Cartan subalgebra of gR. If {■<,/— 1H- \ i = 
1,2,..., N\} is a basis of f)R, then 

{v 73 !^, . . . , y/=iH' Nl ,U a , V a I efe,«e A'} 

is a basis of $jr, called Cartan- Weyl basis. (More details of this basis are in |14|.) 

Since g is compact, there exists an automorphism a of g c such that o"(sr) = Q- Hence we 
can regard the Cartan- Weyl basis of 0r as a basis of g. 

From lemma t37T| for f,gEE, we have 

(V(X a )*f,g) = (J,V(X a )g) Q = (-V 'QQJ \ g) Q = (-V(jQ)f,g) . 

If we note that the identification of E_ p and E* under the anti-linear isomorphism (see definition 
|2~T|) . then this implies that V(X a )*f = -V(JQ)f. Since JQ = X_ a from (| 4.22|) . we obtain 
this lemma. I 

Lemma 4.6. Ki = and «o,i = 0. 

Proo/. (| 4.19|) implies that 

«i,o = X] («i,o,e(i,i)) e(i,j). 

(tj)€A(l);l</<iVi 

For 1 < fc < A^2 , if the operator dr^V^Ufc+ArJ*) act «x,0j then we obtain 

00 

= dT h (V(u k+Nl )*)K 1;0 = - ^2 ^2 {Ki i0 ,e(i,j)) a k (uj)e(i,k + Nt + N 2 ) 

»=i i<i<JVi 

with the help of 

V(u k+Nl )*e(i, j) = -V(u k+Nl+N2 )e(i,j) = -e* ® ad(u fc+ jVi+JV 2 )%- 
= -a k (uj)e{i, k + Ni + N 2 ). 

This implies 

^ («i,o,e(i, j)) ajfc(uj) = 

1<3<Ni 

for all i £ N, H {1, 2, . . . , N 2 }. Since f)* is generated by linear combinations of {o^j-^ii-p 
we can choose basis {a kl , . . . ,a kN } of fj*. Then the matrix (£*Jk(^j))i<ij'<iVi £ Mat(iVi, C) is 
invertible. Therefore 

(«l,o,e(i, j)) = 

for all i £ N and j G {1, 2, . . . , iVi}, i.e., k^o = 0. In the same manner, ttfyi =0. | 
Lemma 4.7. k\ \ = anc? «i m = 0. 
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Proof. In (| 4.18|) . let \& = uj t+ ^ 1 for 1 < k < N2 and m = 1. When we consider (1 4.19|) . we have 

(dr h (v (u k+Nl y -)W id) k m 

= Z1Z] (^,i^(i,j)®e(i,j))[ ( ir b (y(u fc+7 v 1 )*)We(i,j)]®e(i,j), 

(ij) ieN l<j<Afi 

and 

(id, ® drbCFCiifc+jvJ*)^)^,! 

= ^ (^ j i,e(iJ)(8)e(i,i))ajfc(u i )e(iJ)(8)e(z,A; + iVi + 7V2), 

(ij) ieN i<j<JVi 

where (i, j) runs over the whole of A(7) satisfying 

a p (#)(n p , + a)-n I ,,_a)) = 0. (4.23) 

l<p<7V 2 

If 1 < j < ATi and 1 < k < N 2 , then [cff b (y(u fc+JVl )*)«e(i, j)]®e(i,j) and e(i, j)®e(i, AH-JVi+iVz) 
are orthogonal each other with respect to the inner product on H(M,q)® 1 <g> H(M,q). Thus, 
(id; <g> ^^(^(ufe+ArJ*)^ 1 ^)^^! = and hence 

(Kj,i,e(ij)®e(i,j))a fc (u i )=0 (4.24) 

for alH e N, 1 < K iV 2 , and all (ij) G A(Z) satisfying (fT^j) . 

Since we can select ki, k2,..., k^ l G {1,2,... , A^} such that a matrix (afci(^j))i<jj<Afi £ 
Mat(A r i, C) is invertible, we obtain 

(«i,i,e(i,j) (8) e(i, j)) = 

for all i G N, and 1 < j < Ni and all (i, j) G A(Z) satisfying (I 4.23|) . i.e., = 0. 

In the same manner, we also have Ki jm = 0. I 

Lemma 4.8. k^o = and Ko,m = for all l,m> 1. 

Proof. We prove them by the induction. We have only to show kiq = 0. The case of K10 = 
has been proved. Let k^q = 0. Since Ki t i = and (j 4.15j) . we have 

= s, i0 ((Z + l)Sg f,(Ao,i °i kj+i,o)) 

= ^2 (^o,i,e(i, j)) (Ki +lt o,e(i,j) (g> e(i,j)) e(i,j) 

(iJ)6A(0 (iJ)eA(l) 

= ( K H-1,0) A o,i ® j)> e(i,j) 

(iJ)6A(i) 

and hence 

(kj + i i0 ,Ao,i ®e(i,j)) = (4.25) 
for all (i, j) G A(Z). This implies that 

(«i +1 ,o,dtt®e(i,j)) =0, (4.26) 
(«,+!,„, ® e(i, j)> = (4.27) 
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for all (i,j) G A(Z), and *, G C°°(M, ). fPfr is obvious. We show (fTTTl) . 

For each vp, G C°°(M,0) and |s|,|t| <C 1, there exists a unique $ S) t G C°°(M,0) such that 

exp(i*) exp(s\l/') = exp($ Sjt ). 

Since 

d* S)t = /?(exp($ M )) = /5(exp(t^)exp(s^ / )) 
= V(exp(ttf ))/0(exp(stf')) + /3(exp(t^)) 
= sy(exp(t^))d^' + id* 

and (1 4.26)) . we have 

= (Kj +1)Q ,ei$ ai t ® e(i,j)) 
= s (kj+i.0, V(exp(M))d9' <g> e(i, j)> + f (kj+i.0, ^ <8> e(i, j)) 
= s <kj+i,o. f(exp(ttf ® e(i, j)> . 

Hence kj+i,o satisfies (| 4.27|) by considering the differential of the above equation at t G R. 
By the way, H(M, g) is generated by 

{dt>, v(y)cm' | , *' G C°°(M, 0)}. 

(See lemma 3.5 of [2].) Thus the following relation is a direct consequence of (| 4.26)1 and (| 4.27(1 . 

(%i,o,e(i,j) ® e(i,j)) = 

for all (£, j) G A(l) and (i,j) G A(Z). Therefore we obtain K/+i,o = 0. 

In the same manner, we can show Ko,m = for all m > 1. I 

Lemma 4.9. /q i?n = /or aZZ (l,m) G Z> \ {(0,0)}, i/iaf is, we obtain theorem \4- 1\ 

Proof. We prove this statement by the induction. We have already shown the case of I = 1, i.e., 
K i,m = for all m > 0. Let K; jm = for all m > 0. Then we show Ki+im = f° r an m — 0- Fix 
m > 0. Since ?q m = and rej m +l = and (| 4.5)1 . we have 



= s i>m ((I + 1)S$ ™(A ,i oj fy + i,m)) 



= ( l + 1 ) Yl Yl < K m,m,A o ,i§e(i,j)®e(i / ,j / )>e(i,j)0e(i',j / ). 
(ij)eA(O (i'j')eA(m) 

This shows Ao,i<8> e(i, j) <5D e(i', j')) = for all (i,j) G A(Z), (i',j') G A(m). Thus we can 

show 

(%l,m,e(i,i)§e(i,j)0e(i',j')) = 

for all G A(l), (i,j) G A(Z), and G A(m). This implies Ki+i tm = 0. Since m > is 

arbitrary, the proof has been completed. I 
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